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ABSTRACT 


An  integer  is  called  square*- free,  or  quadratfrei,  if  it  is 
not  divisible  by  the  square  of  any  prime.  In  the  first  chapter  we 

use  known  estimates  for  M(x)  =  ^  p,(n)  to  investigate  the  function 

n<x 

Q(x)  =  ^  j j_t (n)  [  ,  the  number  of  square-free  integers  less  than 

n<x 

or  equal  to  x  .  A  typical  result  is 


IQOO 


31 


*  ■'K' -?y- 


for  all  x  ,  with  equality  only  at  x  =  3  • 

In  the  second  chapter,  with  the  help  of  the  results  in  the  first, 
we  obtain  a  new  estimate  for  M(x),  namely 

1 


jM(x)  I  <  |}q  x  ,  £°r  x  >  111*+ 


We  apply  this  estimate  to  examine  the  sum  g 


M=  £ 

n<x 


n(n) 


n 


.  In 


particular  we  show  that  whereas  g(x)  changes  sign  infinitely  often, 

is  always  positive, 
n 


g-j/x) 


lh<n<x 


In  the  third  chapter,  we  examine  the  function  G>(x)  =  <p(*0 

n<x 

0  (x) 

where  cp(n)  is  Euler's  function.  We  show  that  ,  which  is 

x " 


- 


xV :  -r  -  i  '•  €v  >  |*  -  (•  <!• 


(ii) 


asymptotic  to 
at  x  =  1276  f 
negative . 


,  takes  on  its  minimum  (over  all  positive  integers) 

it 

the  second  integer  x  for  which  $(x)  -  x  is 
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CHAPTER  1 


SQUAREFREE  INTEGERS 


1.  Introduction,,  An  integer  n  is  said  to  be  k-free 
if  d"  |n  is  false  for  every  integer  d  ^  +  1  (when  k  »  2,  the  terms 
'square-free '  and  'quadratfrei '  are  normally  used).  We  shall  restrict 
our  attention  henceforth  to  positive  integers, 

fcfo 

Let  qn  denote  the  n  square-free  integer,  and  Q(x)  the 
number  of  squarefree  integers  less  than  or  equal  to  x  .  Then 


n  <  x 


where  p(n)  denotes  the  Mbbius  function.  We  shall  give  a  brief  survey 

of  known  results  on  q^  and  Q(x),  and  then  proceed  to  examine  the 

difference  Q(x)  -  x 

st 


2,  Survey  of  results.  From  the  simple  result  that 


Q(x)  =  x  +  oCx1/2) 


(1.1) 


st 


(we  shall  prove  stronger  results  later)  it  follows  that 


qn+l  "  qn 


OCn1/2) 


(1.2) 


.»  «*  *«•  «(*W  *“  ° 


-  2  - 


In  19^1,  E,  Fogels  [8]  improved  this  to 


qR+l  “  3  ^  +  €)  for  every  e  >  0  .  (I.3) 


Ko  F.  Roth  [22],  using  an  argument  which  he  attributed  to  Estermann, 

I 

showed  that 


Vl  -  qn  =  0(nV3) 


(1.4) 


and  upon  strengthening  the  argument  was  able  to  obtain 


qn+l  "  qn  =  (log  n)1*/13)  . 


(1.5) 


H.-E.  Richert  [20]  improved  this  to 


Vl  ‘  qn  "  0("2/9  log  n>  ‘ 


(1.6) 


Using  slightly  different  arguments  R.  A.  Rankin  [19]  obtained 


e^n'i  ~  qQ  =  Q(n^'r€)  where  7  =  0.22198  .  (l*7) 


H.  Halberstam  and  Roth  [10]  have  generalized  the  argument 

lk( 


giving  -  q^  =  0(n^^)  to  obtain  the  following;  if  q^(n)  denotes 

.th 


the  n  k=free  number,  then 


qjn+l)  -  q.  (n)  -  0(nl/(k+1>)  . 


(1.8) 


In  the  other  direction,  P.  Erdos  [4]  has  shown  that,  for 


infinitely  many  i 


t 


(  .*)  .  (  '  {a  j-ol)  a)0  *  j  -  r,ffP 

t  i  hit  ii  ■  '  ■■'  t  1 

b  a.  Jcf'i  l^j  |  iti  ■  •••  ,  *3rvr-  n  ■•? i 

(T«  0 


■  1  "■  f  r;:i 


-  •  •  -3  V  - 


:  V  .  :  \  !  ■  ■ 


i 


-  3  - 


q 


i+l 


qi  > 


1  +  0(1 


5t 


log  q. 


log  log  q 


(1.9) 


He  states  that  it  appears  to  be  very  difficult  to  improve  on  the  constant 
2 

-g“  ,  and  suggests  that  it  may  indeed  be  that,  for  i  >  iQ  , 


q 


i+l 


2  log  q, 

Tog~Tog  'q~  ^or  every  e  >  o  .  (iao) 


He  also  conjectures  that,  for  every  a  , 


(qk+1  ‘  qJa  “  cax  *  °M  •  (I*11) 

qk+l  <  x 

This,  if  true,  would  imply 

q  1  »  q  =  0(n€)  ,  for  every  e  >  0  ,  (1.12) 

n+JL  “n  * 

but  he  can  prove  it  only  for  a  <  A  ,  where  A  is  a  constant  between 
2  and  3  • 

R.  Bellman  and  H.  M.  Shapiro  [1]  consider  a  slightly  different 
problem,  and  obtain  the  following  results; 

1.  If  cp(x)  is  any  function  such  that  lim  cp(x)  =  °o  , 

x  — »  00 

then  for  almost  all  n  the  interval  (n,  n+cp(n))  contains  a  squarefree 
integer. 


2.  If  cp(x)  is  any  strictly  monotone  function  such  that 

6 

lim  cp(x)  =  00  ,  then  Q(n,  n+q>(n) )  has  normal  order  —g  q>(n)  ;  that 
x  -*  00  Jt 

is,  for  every  e  >  0  and  n  >  n(e)  , 


. 


alius-:  t  if.  :<*  •/  ft 

A.  ■■  •  '  ■■■-  ' 


-  4  - 


(l~€)  <p(a)  <  Q(n,n+<p(n))  <  (l+c)  4>  <p(n)  (1.13) 

at"  ’  3t 

where,  of  course,  Q(n,n-Kp(n) )  denotes  the  number  of  squarefree  integers 
between  n  and  n+<p(n)  . 

In  a  different  direction,  E.  Cohen  and  R.  L.  Robinson  [33  have 

examined  the  distribution  of  k-free  integers  in  residue  classes.  They 

have  shown  that  the  k-free  integers  are  equi-distributed  (mod  h)  if 

fch 

and  only  if  every  prime  factor  of  h  divides  h  at  least  to  the  k 
power.  (A  set  of  integers  Is  said  to  be  equi-distributed  (mod  h)  if 
the  density  is  the  same  in  each  residue  class  (mod  h)  where  the  integers 
occur  at  all.) 

T,  Estermann  [6]  found  that  the  number  of  representations  of 
n  as  the  sum  of  two  square-free  integers  is 

cnp(n)  +  +  €)  (1.14) 

where  c  =  Jj(l-  and  p(n)  *  JJ  (l  +  )  .  Cohen  [2]  was  able 

P"  p?|n  P  “2 

to  improve  the  error  term  to  G(n^/^  log  ^n)  . 

Considerable  work  has  been  done  on  pattern  problems  for  square- 
free  integers.  W.  Sierpinski  [26]  showed  in  1959  that,  for  infinitely 
many  k  ,  the  integers  4k+l,  4k+2,  and  4k+3  are  all  square-free. 

I  was  able  to  generalize  this  to  show  that  any  pattern  of  square-free 
and  non-square-free  integers  which  occurs  at  all  in  the  sequences  of 
integers  occurs  infinitely  often.  However,  considerably  sharper  results 


.  ■  ■  '  ' 

(ri  fv."  i  eaiUo  ubti  't  rfoss  ni 

ssX  e  . nl  ■  e  <  I  >  *«j 

■  t  '3  i  ■■>•  C‘  >-'i  «  ' 

i  b.-(.  vJ.  !  )£  ' 

<1  14  v  -J4 

UUpfg  ffJt  lift  -is  S7U990  8* 
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had  been  discovered  by  S.  S„  Pillai  [ 17 ]  in  1936  and  L.  Mirsky  [14],  [15] 
in  1948  and  1949*  but  apparently  overlooked  by  Sierpinski.  They  are  the 
following,, 


Let  d^,  dg,  •••>  dr  ^  be  a  fixed  set  of  positive  integers, 

and  for  any  prime  p  let  g(p)  be  the  number  of  different  residue  classes 
2 

mod  p  among  0,  d^,  d^,  . ..,  d^  ^  .  Let  N(x)  be  the  number  of 
positive  integers  t  such  that  t,  t+d^,  ...,  t+d^  ^  are  all  squarefree 
and  <  x  .  Pillai  showed  that 

N(x)  =  Ax  +  O(-j^L-)  (1.15) 

where  A  -  Jj  (l  -  )  .  In  particular,  for  r  =  2,  d.  =  1,  &  =  2 

P  p 

(i.e.  for  Sierpinski ' s  problem)  A  =  JJ  (l  -  -4>)  £  0.12  so  that  for 

P  P 

about  half  of  all  k's  the  integers  4k+l,  4k+2,  and  4k+3  are  all 
square-free . 

Mirsky  generalized  Pillai's  results  as  follows?  let 
a^,  ...,  a^;  b^,  . ..,  b^  be  any  distinct  positive  integers;  let 

H(x)  a  Hr(x;  a^,  ...,  a^,  b^,  ...,  b^)  be  the  number  of  systems  of 

positive  integers  n+a^,  . ..,  n+a^;  n+b^,  ...,  n+b^  not  exceeding  x 

and  such  that  the  first  £  are  r-free  while  the  remaining  ra  are  not. 

Then 


H(x)  =  hx  +  0(x2/(r+l)  +  6  ) 


f 


(1.16) 


(. .  2L-\r>  ^ 


Ho'1  «  ’■  '  i ' 

.  • '  •  -i  .  it» 


-  6  «* 


r  o  ,  if 


where  h  = 


;  a  ,..«,a  )  =  p  for  some  p 
1  & 


m 


hr(a1,###,ajg;  bi?  • » •  •  >bm)  -  C"1) 


B(~r  • 


k=o 

.  . « .  ,bvt ) 


I 


1  <  v,  <  .  .  „  <  v,  <  m 

—  1  k 


■} 


otherwise, 


and  D(a;  n  ,  ,5,,n  )  denotes  the  number  of  different  residue  classes 

mod  a  represented  by  n^n^*  ®  • » >ng  •  As  a  special  case,  consider  blocks 

By  a  block  of  s  integers  with  respect  to  a  class  C  ,  we  mean  a 

sequence  of  s  consecutive  integers,  say  n,n+l, . , „,n+s-l,  in  C  , 

while  n-1  and  n+s  are  not  in  C  .  Let  Q  (x)  denote  the  number 

xr,s' 

of  blocks  of  s  r-free  integers  <  x  and  V  (x)  the  number  of  blocks 

“*  r  ^  s 

of  s  r-integers  (i.e.  non-r-free  integers)  <  x  .  Then 


(i)  for  r  >  2,  s  >  2r,  Q  (x)  =  0  ; 

r ,  s 

(ii)  for  r  >  2,  1  <  s  <  2r-l,  Q  (x)  =  q  x+o(x2/^r+1^  +  €) 


vr,s'  *r,s 


where 


n  (i-~>-2ii  +  n  1  < s  <  2r-2 . 

p  p  p  p  p  p 


r,s 


n  d-^i) ,  s  =  2r~i , 

p  p 


(q^  >  0)  ; 


r,  s 


(iii)  for  r  >  2,  s  >  1,  V  (x)  =  v 

r ,  s 


r,s 


+  o(x2/(r+1)  +  e) 


where 


(  7  3  •- 1*  •  ■'<  '  '  •  - 


v 


V  , 


»  7  - 


v. 


k+2 ' 


-  ■  £  <-,,k  *w . » 


and 


8  00  =  g„  (k)  = 


r  ,s 


I  n  1A 

1<VX<. .  .<vg<s  p<(s+l)  ' 


IT 

D(p  ;o,v1,...,vrs+i) 


k 

P 


v  >  0)  . 

r,s 

In  particular,  for  fixed  t  the  number  of  q^  <  x  satisfying  q^  ^-q^ 
is  known. 


t 


We  remark  also  that  K,  Rogers  [21]  has  shown  that 

^ ,  with  equality  only  at  x  =  176  ,  (I.I7) 

that  is,  the  Schnirelmann  density  of  the  square-free  integers  is  less  than 

their  density,  , 

it 


3.  The  difference  Q(x)  -  x  ,  Define  M-r(n)  to  be  0 

 7t 

or  1  according  as  n  is  or  is  not  r-free,  for  r  =  2,  3>  ••• 

2 

Then  in  particular  ^(n)  =  ( jx (n )  |  =  |i  (n)  .  Define  Qr(x)  by 


Qr(x)  *  ^  M-r (n)  . 

n  <  x 

) 

In  particular,  Qg(x)  =  Q(x)  ,  Then,  letting  [x]  denote  the  greatest 


< . 


>  is  '  9/f-1 


■ 


■ 


-  8  - 


integer  <  x  ,  we  have 


Qr(x)  *  [x] 


X 

X 

X 

*  1 

X 

r*  ■“ 

X 

2r  J 

L 

L  j  J 

-  5r  - 

L  7r  J 

L(2.3)r- 

+ 

/  .  r 

L(2.5j  j 

I  [f]  ■ 


(1.18) 


dr  <  x 


Alternately,  since  fi(d)  »  -j" 


,r  i 
d  n 


1  ,  if  n  is  r-free, 
otherwise  , 


a,  a, 


(for  if  n  =  ^  k  n^  ,  where  >  r  and  n^  is  r-free, 


then  the  sum  is 


1  -  (J)  +  (^)  -•••**  (l“l)k  =  0  )  ,  we  have 


Thus 


nr(d) 


Hr(*0  . 


,r  1 
d  n 


Qr(x) 


2^  ^(d) 


|i(d) 


I"(d) 


n<x  ,r  1 
—  d  n 


kdr<x 


dr<x 


n<x 


dr  in 


*j,(d) 


dr<x 


[- 


x__ 

dr  j 


(1.19) 


-  9  - 


Therefore, 


IVx)  •  ^7  *1  <  I  ^d) 


•f  x 


bill 


.r 


,  (1.20) 


dr<x 


dr>x 


where  {x}  ~  x  =  [x]  is  the  fractional  part  of  x  .  Hence,  defining 
Rr(x)  by  &r  (x)  *  Qr(x)  -  x  >  we  have 


,(x)  I  <  xVr  +  ~  xX/r  +  1  =  JL~  xVr  +  1  ,  (1.21) 


since 


00 


1/r 


y><it  r  i.  ,i  +  -i- 

/  ,  ,r  x  J  .  r  x  r-1  x 
c-j  d  ■'  1/r  u 

r  x  f 


<ir>x 


For  r  =  2,  the  best  improvement  in  the  constant  2  which  appears  in  (l.2l) 
12 

was  by  Rogers  [21],  Our  main  object  in  this  chapter  will  be  to  obtain 

further  improvements  on  this. 

Let  M(x)  =  p,(n)  .  R.  D.  von  Sterneck  [22]  showed  that 

n<x 


x 


)  |  <  —  x  +  8 


(1.22) 


and  R.  Hackel  [9]  improved  this  to 


|M(x)  j  <  “g-  x  +  155  t  for  all 


x 


(1.23) 


G.  Meubauer  [16]  has  shown  that 


i  '  " 


(1.24) 


1  r  8 

|M(x)  j  <  “  vx  ,  for  200  <  x  <  10  . 


Combining  (I.23)  and  (1.24)  we  obtain 


|M(x)  4-  2  j  <  x  ,  for  x  >  200  , 


(1.25) 


and  one  readily  checks  that  (1.25 )  holds  for  x  >  100.  Thus,  for 
x  >  100r  and  r  >  1  , 


dr>x 


l-l 


,T. 

d  >x 


Mfx1/1)  »  2 

([xVh+D1 


dr>x 


"X1/1  1  X1/1  X1/1 


—  25  V  x  '  r“i  x 


rlA 


25  X 


r)-£i  <2  +  ^r} 


n  l/r 

1  N  X  f 


Therefore, 


x 


^  |  <  (2  +  ™)  x'A  ,  for  x  >  100r  . 


(1.26) 


r 

d  >x 


Let 


A(x) 


I 


1  ,  B(x) 


d  <  x 
n(d)=i 


Z 


1  ,  and  C(x)  =  max  (A(x),B(x)) 


d  <  x 
|i(d)=-»l 


Then  clearly 


-  11  - 


Now 


whence 


|  )  n(d)  (g(x,d)}  <  C(x)  for  any  g 


Kx 


C(x)  a  ”  (A(x)  +  B(x))  +  “•  |A(x)  -  B(x)  |  a  “  Q(x)  +  4  M(x) 


[g(x,d ) }  |  <  |  Q(x)  +  |  M(x)  , 


KX 


(1.27) 


X  \ 


X 

,r 


.  15  1/r  . 

<  25  X  +  1  ' 


dr<  x 


(1.28) 


and 


*)  |  <  “  xKr  +  1  f  X  >  100r  , 


(1.29) 


by  (1,28)  and  (1.26).  In  particular, 


Q(x)  -  ~  x  <  “■  x1/2  +  1 

it 


<  O.65  x1/2  ,  for  x  >  100* 


Using  this  in  (l.2'7)  we  obtain 


,V2 


C(x)  <  ^  +  ~  J  x  -t-  0.325  ^  f  c  ,  for  x  >  100 


2 


Hence, 


a 


12  - 


1  <  |r  +  0.32  ,  for  x  >  lOO1  (1.30) 


,l/2r 


.r 


r 

d  <x 


and 


|R  (x)  j  <  x^r  +  0.325*^'//^r  *  for  x  >  1001 
r  •“  73  '  — 


(1.31) 


For  r  =  2  ,  using  (l.3l)  and  examining  the  early  cases,  we  find  that 


|^(x)|  <^3  (1  -  %  )  x1/2  for  all 

\  rt  ' 


x 


(1.32) 


with  equality  only  at  x  ;*  3  ('/3(l--4r)  =  0.679  •••)  t  an£*  that 

n 


|R„(x)  |  <  i  x1/2  for  x  >  8  . 


(1.33) 


The  first  place  where  !0(x)  becomes  negative  is  at  x  =  28. 
A.  M„  Vaidya  [29]  apparently  has  shown  (the  details  have  not  yet  been 
published)  that  R  (x)  changes  sign  infinitely  often,  and  that  in  fact 
for  every  €  >  0  and  infinitely  many  n  ,  (n)  >  n*7^  €  ,  and  for 

infinitely  many  n  ,  R^(n)  <  «»n^^  €  ;  from  this  it  follows  that^  for 

6 

infinitely  many  n^  Q(n)  =  [—g  n+1]  , 

it 

We  have  seen  that 


R2(x)  =  0(xV2) 


(1.5^) 


It  is  well  known  that  M(x)  «  0 


x 


,  a 
log  x 


for  arbitrary  a  (see  e.g, 


E,  Landau  [11],  p.  57 )•  One  can  readily  show  from  this  that 
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/  V2  \ 

R  (x)  =  0  (  - -  )  for  arbitrary  a  .  (1.35) 

d  \  log°x  / 


In  the  opposite  direction,  G.  J.  A„  Evelyn  and  E.  H.  Linfoot  [7]  have 
shown  that 


Rg(x)  4  o(x1//li) 


(1.36) 
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CHAPTER  2 


On  the  Sum  M(x) 


I 

n<  x 


|i(n) 


1.  Introduction.  Gur  object  here  will  be  to  obtain 

the  result 

|M(x)|<g~  for  x  >  1114  ,  (2.1) 

an  improvement  of  the  results  already  cited  of  von  Sterneck  [27]  and 
Hackel  [9].  We  first  observe  that,  from  Neubauer's  [16]  result  that 

jM(x)  |  <  s/x  for  200  <  x  <  10^  ,  (2.2) 

8  lx 

we  can  prove  (2.1)  for  1114  <  x  <  10  .  For  since  —  <  gQ  f°r 

g 

x  >  1600  ,  (2.1)  follows  for  1600  <  x  <  10  ,  and  one  obtains  by 

simple  checking  that  (2.1)  also  holds  for  1114  <  x  <  1600  °?  thus, 

g 

(2.1)  remains  to  be  verified  for  x  >  10 

2.  The  method.  We  outline  the  method  to  be  used,  which 

is  a  refinement  of  that  of  von  Sterneck.  Consider  the  function 

f(x)  =  [x]  -  [|]  -  [|]  -  [|]  +  [~~]  . 


Since 


y 


u  -  v  >  tV  ■  .2  soH  .  °01  >  >  *t.  i  (I  '  ;  -  n  9  !  " 


M^(d)  [§]  “  1  , 


Kx 


we  have 


Y  i*(a)  t£] 


cKx 


X  ^d)  [^]  +  X  & 


d< 


x 
■  m 


x 

«=*> 

ra 


<  d<x 


and  thus 


1  +  0  =  1  ,  for  x  >  m  , 


(j.(d)  f(^)  =  -  1  ,  for  x  >  30 


Kx 


Since  f(x)  =  1  for  1  <  x  <  6  and  0  or  1  for  x  >  6  ,  we  have 


f(^)  =  1  for  d  >  ^  ,  so  that 


x 


I  £  n(d)(l  -  f(J))|  <  £  |n(d)|  =  Q(f) 

d<x  ,  .  x 


d^f 


Thus, 


jM(x)  +  1  I  <  Q(^)  ,  for  x  >  30 


(2.3) 


We  have  from  Chapter  1  that 


|Q(x) 


6 


3t 


X 


<  h  Vx  f  for  x  >  8 


(2.4) 


It  follows  that 


0.600x  <  Q(x)  <  0.6l5x  for  x  >  5000 


(2.5) 


16 


and  one  readily  checks  that  (2.5)  holds  for  x  >  475*  Similarly, 

Q(x)  <  0.655*  for  x  >  75  .  (2.6) 

Using  (2.5)  in  (2.5)  we  obtain 

|M(x)  +  1|  <  0.105*  for  x  >  2950  (2.7) 

and,  by  (2.2),  for  x  >  200  .  If  we  further  observe  that  f(x)  =  1 

for  7  <  *  <  10  }  we  have 

|M(x)  +  1|  <  Q(|)  -  Q(5)  +  Q(^) 

<  0.079*  ,  for  x  >  200  .  (2.8) 

Using  the  function 

fiW  ■  «  -  f§!  *  [f]  -  if] + 

and  similar  refinements  to  that  used  in  deriving  (2.8),  one  can  obtain 

|M(x)  +  2 1  <  0.04x  ,  for  x  >  200  ,  (2.9) 

which  is  the  same  as  (1.25).  It  seems  difficult  to  get  a  fairly  simple 
function  like  f^(x)  which  will  substantially  improve  (2.9)  . 

If  we  examine  the  characteristics  of  a  igood*  function  f, 
we  see  that  what  we  would  like  is  a  function  which  takes  the  value  1 
for  1  <  x  <  n  for  fairly  large  n  ,  and  then  does  not  differ  too 
widely  from  1  thereafter.  We  shall  employ  the  techniques  of 
E.  Waage  ([50]  and  [51])  to  obtain  such  a  function. 


•  i 


I  MonuS  ’bo—,  :  c  aoJL  :»l7i  :  >'i  ■•lr>  <  vv  */9  •;  :tl 

I'av  dfU  ea^a3  rio  rt«r 


)Iqtf  1  .,  Offe  » 
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3.  Main  result.  In  line  with  Waage,  we  define 


\to  =  [£]-[ 


and  use  the  symbol 


a2,,#*,!V  W 


000 


to  stand  for  the  function 


X 

+ 

X 

+  0  »  •  + 

X 

X 

«s> 

X 

x 

LniJ 

n 

L  m- 

1— * 

1 _ 

&r\ 

U 

AJ 

Let 

U2(x)  =•  vt(x)  =  (l;  2,  2)  , 

U^Cx)  =  u1(x)  +  u2(x)  =  (l;  2,  3,  6)  , 

Ur(x)  =  U  (x)  -  n  (x)  =  (l,  30;  2,  3,  5)  (this  is  our  f(x))  , 

U10M  =  Dg(x)  +  u6(x)  -  (1,  6,  30;  2,  3,  5,  7,  42)  . 

Define  ^g(x)  1  U^(x)  ,  u(x)  ,  and  u'(x)  ,  respectively,  as 

follows l 


rs(x)  =  ul0(x)  *  w5^6^  "  u6  V  +  u2 ^ 35 ^  “  1 1^105^  "  U6^30^  U5^2^ 


=  (1,  6,  70;  2,  3,  5,  7,  210)  , 


Uf(x)  «  Ug(x)  +  o1Q(x)  -  ug(~) 


u21^ 


=  (1,  6,  10,  23IO,*  2,  3,  5,  7,  11)  , 


<.  ■  i  ^ 


>  -  . 


-  <*4  V  *  d°  '  !■?  ’  *  ii1  *  'H- 


+  ^14^  "  u1^70^  “  +  u1^21^  +  ui^35^  *  u2^3 5^ 


=  (1,6,10,14,21,35,*2,5,5,T,30,50,30,42;  42,70,70,70,70,70..  105,210,210), 


U'M  =  ug(|)  +  u6(|)  -  u^(x)  =  (10;  14,35) 


Let  R^,  Rg,  R^,  and  R^  be  respectively  the  sets 

{11,13, 17, 19,23,29, 51,37, 41,43,47),  {18,70,90,90, 118,134,142, 146, 162,177, 183,213) 
{113,131,139,154,170,173,191),  {18,18,54,90,90,105,107,108,109,700,700,700,700)  , 


Then  the  function  e(x)  which  we  shall  use  is  defined  by  the  formula 


(*)  =  u(x)  -  V  Uf(|)  +  u'(f)  +  £u'(^)  +  U'(^)  +  U5(§)  -  U5(i) 
reR^ 

-  u5(i^r)  -  Vts^  •  Vifr*  -  Vifs)  -  Vw* +  2V|>)  + 1  Vf) 

reR2 

'  X  U1(^  +  X  U2(I'  ■  2u2(I55o)  +  u3(^  '  u3(M)  +  U3(I55)  +  5uk(I58) 

reR,  reR, 

3  4 

+  u5(f)  -  >3(250)  +  6u9^)  *  >9(115)  +  “io^)  •  >10 1 (K)  +  >10%) 


>10(i%)  -  2u14(^)  +  U18(^)  -  2u19(#  +  U21(W}  -  2u23(^)  -  u26{TS} 


+  ”27(11)  +  >33(10)  “  “34(2)  +  “44(5)  ”  ^W^)  +  “49(5)  +  “50(5) 


Tf 


11 
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u50(^}  -  "52^  -  “53  w  ’  “58W  "59 


X 


(*)  +  ^(x)  +  3«so(ll) 


v  3C  *^C 

+  3v^ (rod)  +  u68^5^  *°  u68^1cP  nlO^J  Jr  u70^x)  "  ufti  (on) 


67 


72 


J8lv20' 


(x)  -  uqq(x)  +  aar»^)  +  uak(in)  “  °  u-y7(x)  + 


x 


x> 


u8jv  ~  u&91  +  u90^2^  r  u9k^l0)  “  u96'“3/  "  “97' 


106' 


+  u108^  +  2ul09^  "  ull4^2^  ”  U121^  +  u126^x^  ‘  U139^2^  “  ui43^ 


u 


(£)  ’  uD,n(x)  +  ui^(x) 


lkkK20J  149 


150' 


u 


157 


(x)  ”  u15q(x)  “  ul6  (x)  +  U1r7ft(x) 


178 


+  «l8o(x)  -  u19J(x)  -  u195(x)  +  u196(x)  -  u199(x)  -  u200(x)  +  u210(x) 


u263(x)  •  Wx)  +  WlS5  -  u266(x)  +  u270(x)  +  ^270^  ’  u283(x) 


u320(x) 


218 


n= 


+  I  [?]  -  I 

peP  qeQ 


[“] 

q 


where 


P  =  {220,226,226,235,237,245,250,253,259,262,262,265,267,274,278, 
287,291,294,297,300,300,301,303,309,319,326,327,329,350,334, 
340,341,346, 346, 382, 382, 392,407, 411,  451,473, 474, 489, 501, 506, 
506,506,510,517,530,540,540,540,540,606,618,690,690,690,720, 
720,720, 800,800, 822, 920,920, 920,940, 960,978, 1002, II33, 1133, 1133, 
1150,1150,1150, 1200, 1200, 1400, 1400, 1400, 1400, 1640, 1800, 1800, 1800, 
2380,2640,2862,2900, 3540,45 56, 5060, 5060, 5060, 5520, 5520, 5900,5900, 


I  ...  /t  .;.  ■  '  S  \  -  *0  .  v 

•.  •  04oI  ■••■•'•  I,  ;v^{  (  V\v  •>*...  t0C>-:  0  ’ :  I  .  :.i 

^•o( .  ...  •,  -  .  -v  ■ 


20 


6700, 6700, 6700, 6972, 8010, 8400, 8400, 8424, 8740, 8740, 9506, 10350, IQ350, 
10350, 11330, 11330, 11330,11760, II76O, 13200, 13200, 14400, 14400, 14400, 
14762, 15180, 15180, 16002,22350,24806,25122,25500,26220,27390,27560, 
27936, 37442,38220, 38920, 39800, 40200,41 184, 46920, 66420, 69432, 69960, 
71022,80372, 102720, 342200, 342200,417600 ) 

(2.10) 

and 

Q  =  {222,225,228,230,230,231,236,236,238,240,246,252,255,258,263,266, 
268,268,270,271,280,282,283,284,286,290,292,292,310,312,315,324, 
342,345,345,354, 354, 366, 366, 370, 400,410,426, 426, 430, 432, 437, 437, 
460, 470, 490, 490, 500, 520, 595, 600, 600, 660, 680, 820,820,900, 950, 1012, 
1012, 1012, 1030, 1030, 1030, 1035, 1035, 1035, 1100, 1100, 1296, 1600, 1600, 
1600,1620,2100,2100,2100,2100,2310,2650,2800,2800,2880,3600,3600, 
3600, 3660,4970,5256, 5400, 5400, 5400, 5420, 5420, 5420, 58OO, 58OO, 6156, 
6468,6800,6800,6800,8316,9900,10120,10120,10120,11342,11220,11220, 
11220, 11772, 12750, 19600,22650,23460,23460,25410, 30030,31862,32580, 
35970, 35970, 36600, 36600, 366OO, 38612, 39270,43890, 44310, 53130,66990, 
71610,73170,85470,89300,94710,99330,108570,455600,455600,455600, 
699600, 1463400, 1463400, 1463400 ) , 


This  rather  complicated  function  was  obtained  by  successively 
evaluating  simpler  functions  by  computer  to  see  where  they  began  to 
differ  too  much  from  1,  and  adding  in  compensating  simple  functions 
to  reduce  the  rate  of  growth. 


.  '  .  '  « 

■ 


J-'C  <0  ■ *"  i  i 


i  i r-j.o-0  ,  ,/ 

I 
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Since  there  are  222  positive  terms  and  226  negative  terms 

in  g  , 


|e(x) |  <  226  for  all  x  ,  (2.11) 

for  when  we  remove  the  square  brackets  in  e  the  function  is  identically 
zero  by  construction.  Upon  examining  e(x)  ,  we  find  that 

e(x)  =  1  ,  for  1  <  x  <  219  (2.12) 


and 


e(x)-l|  <  k  for  x  <  n 


(2.13) 


where  k  and  n  are  as  given  in  the  following  table: 


k 

n 


12345  6  7  8  9  10  11 

345  568  584  804  1237  1359  1391  1393  1416  1416  1417 


k 

n 


12  13  14  15  16  17  18  19  20 

5010  5011  5881  5882  16097  16100  16100  16103  26740 


k  21  22  23  24  25  26  27  28  29 

n  26750  26752  26754  26759  31397  46110  46110  46112  636II 


k 

n 


30  31  32  33  34  35  36  37  38 

67158  67159  67189  69258  69259  69263  82800  82800  82813 


,  it  >  n  id 

«rc! 

• 

' 
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k 


n 


39  40  41  42  43  44  45 

85869  87542  87547  97006  97007  106591  up  to  125000 


Let  N  be  the  set  of  n’s  in  the  above  Cable.  It  follows  that 


|M(x)+l*|  <  Q(™)  +  y  Q(jj)  +  (226  -  45)  Q( 

niN 


X 


12500 


)  . 


(2.14) 


(2.4)  and  (2.5)  In  (2.14)  we  obtain 


jM(x)+4|  <  0.01247  x  ,  for  x  >  10 


8 


or 


|M(X)  I  <  ^  x  , 


for  x  >  10 


8 


This  completes  the  proof  of  (2.1). 


It  is  likely  that  with  a  better  function  e(x)  one  could 

prove 


x)  |  <  .01  x  ,  for  x  >  1137 


This  is  certainly  true  for  1137  <  x  <  10 


8 


4.  Application.  S.  Selberg  [25]  has  shown  that,  if  g(x) 
is  defined  by 


g(x)  -  y 


n<x 


I 


;a{  >  i  : 


. 

K 


then  g(x)  changes  sign  infinitely  often.  We  show  here  that,  on  the 
other  hand,  g^(x)  ,  defined  by 

-  X  7  ^  > 

I4<n<x  n<T3 

is  always  positive,  or,  what  is  the  same  thing,  that  g(x)  has  its 
minimum  at  x  =  13  . 


We  note  that 


00 


jj.(n) 


n 


=  0 


(2.15) 


n=l 


(see  e.g.  Landau  [11],  page  159)  and  observe  that 


I 

n<13 


iiM 

n 


-0. 0775559 


(2.16) 


To  show  that 


n 


n<x 


we  can 


<  0.07  for  200  <  n  <  10 


8 


8 


use  jM(x)  I  <  —  \/x  .  Then,  for  900  <  x  <  10  we  have 


y  utei  „  y  y  + 


3T(d+iy  ’  901 


d<x 


d<900 


900<d<X“l 


Since 


, !  ..  t  '  » *;  ' 


=  0.00328 


©  o  o 


and  M(900)  =  1 


y  m 

d<90° 

we  obtain 


=  0. 00217 


900<cKx-l 


1  1  1 

dV2  +2  1/2 


<  0.036  , 


for 


900 


<  x  <  10 


8 


(2.17) 


One  readily  checks  g(x)  for  1  <  x  <  900  ,  and  we  have  that,  for 
0 

1  <  x  <  10  ,  g  assumes  its  minimum  only  at  x  =  13  .  So  it  remains 

g 

only  to  check  for  x  >  10 

Since 


we  have 


f 


d<x 


1 

x 


£  ii(d)  {-} 

d<x 


x 


(2.18) 


~  25  - 


d<x 


x 


)  s  y  n(d){f  -  1)  +  y  M-(d)  (“>  -  2)  +  0 


X 


d<x 


x 


<  d<x 


M-(d)  ( 


x 


X.  ,  X 

7=^2 


k  —k-1 


£  n(d){|) 


d<  ■ 


l<t<  k-1 


)  +  (k-i)M(f)  +  y  n(d){|) 


d< 


Therefore,  using  (2.18),  it  follows  that 


LLlii 

d 


1 

x 


*  y«(f) y  ^(<i)(i) .  *>*  • 


d< 


x 


l<t<k-l 


d< 


x 


Hence , 


V^Z  .  JL  .  ± 

yy  d  kx  kx 
d<x 


yM(k  f) 


k-l  /  v  1 
+  -7—  M(xj  + 


)  |J.(d){“f}>  for  x  >  1 
d<x 

(2.19) 


kx 


kx 


Kt<k“l 


Using  (2.1)  in  (2.19),  we  obtain 


d<x 


1  1  V  1  1  k-1  1  V  /afkx. 

kx  +  80  [  t+8°  k  +kx  2^  ^  d  d  • 

Kt<k-1  d<x 


From  (l»27),  using  (2.4),  we  have 


Z 

d<x 


d 


c  1 
“*  kx 


V  I  1-  0-305  l 

2_,  t  +  80  k  +  k  +  160k  } 


Kfc<k- 1 


(k-1)) 


1 


for  x  >  60,000  . 


I 


•  i  OV  ^(+i,r  ,  ,  : 


<=*  26  - 


Choosing  k  to  be  20 


we  have 


<  0.073  >  for  x  >  60,000. 


This  suffices  to  complete  the  proof. 


We  have  shown  that,  if 


(2.20) 


g(x)  »  ^  ulsl  f 

n<x 

then  g(x)  assumes  its  minimum  at  x  «  13  .  If  we  define  g  (x)  by 


gr(x) 


i 


then  it  is  rather  easy  to  show  that,  at  least  for  integer  r  >  2  , 
g  (x)  assumes  its  minimum  at  x  =  5  •  For 


It  is  easy  to  see  that  the  minimum  cannot  occur  for  5  <  x  <  13  •  For 
r  >  4  ,  we  shall  show  that 


(2.21) 


so  that  the  sum  beyond 


x  =  5 


is  always  positive,  and  hence  the  minimum 


. 
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occurs  at  x  =  5 


Si  Klee 


00 


=11 


11 

10 


du  = 


10 

r-1 


10 


we  have 


00 


7  10 


d=ll 


2  — 

l_  11-r  1  _1_  3  J_ 

dr  r-1  lor  V  10r  V 


2  —  2  — 

(i)r  +  i_  <  Li_  (i)r  +  -L 

?r  4o;  f  ~  10r  Tr 


1.6  1.6  /6\r  1.6  /6\1+ 


7 


6 


—  p)  <  ±2-  (2) 
r  y  _  r  ^ 


6 


So  the  minimum  occurs  at  x  =  5  for  all  r  >  1*-  (not  just  integer  r  ) 
One  can  use  (2.1)  to  obtain 


I 

d<x 


t*(<0 

,r 


W> 


(2+^r>  1 


x 


r-1 


for  x  >  69k  and 


r  >  1 


(2.22) 


Using  this  to  examine  r  =  2  and  r  =  3  we  again  find  that  the  minimum 


occurs  at  x  =  5  „  Indeed,  it  seems  that  there  is  an  r  between  1 

J  o 


and  2  ,  namely  the  solution  of  ~~~  +  — 

6r  10r 


j_  _i_  1 

r  +  r  +  r  ’ 

7  11  13 


such 


ia  8  :  .  .  bs  jE  ■ 
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that,  for  1  <  r  <  r 

“  o 

are  twin  minima  at  x 


the  minimum  occurs  at  x  sa  13  f  for  r 

s»  13  and  x  =  5  »  and  for  r  >  r  the 

1  o 


there 

1 

minimum 


occurs  at  x  «  5 
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CHAPTER  3 


The  Minimum  of 


1.  Introduction. 


so  that 


Let  <p(n)  denote  Euler's  function, 


<P(n)  -»  H  "  “)  =  n 


d 


P  |n 


d  n 


Define 


3>(x)  by  $>(x)  =  ^  9(d) 

d<x 


Then  we  have 


$(x) 


n 


1 

2 


1. 

2 


(3-1) 
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Hence, 


|0(x) 


5  2,  ^  1  2 


Jt 


2  x  I  <  2  x 


I 

d>x 


tiLll 


+  x 


y  ^(f) 

d<i  d 


I II  ^d>  tf: 

d<x 


(3.2) 


Using  the  trivial  estimates 


Z 

d>x 


Hill 

d2 


„  1  „  1  2 

-  [x]  ^  x  +  2 

L  X 


d  M 


Kx 


(?) 


<  log  X  +  1  , 


and 


Z 

d<x 


x^2 


^(<0  (4} 


<  x 


we  have 


"5  2  5 

j$(x)  x  |  <  x  log  x  +  2x  +  ^ 


Jt 


(3.3) 


-z  g 

In  particular,  if  R(x)  =  <J>(x)  -  x  ,  then 


JC 


(3.U) 


R(x)  »  0  (X  lOg  X) 


> 


Q 

9  +  *  " 


V-  !• 


[  'v  •  * 
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Equation  (3.4)  was  first  proved  by  F.  Mertens  [13]  in  1874, 


and  even  minor  improvement  seems  hard  to  come  by.  In  a  long  and  difficult 
paper  A.  Walfisz  [32]  in  1953  showed  that 


(3.5) 


and  A.  Saltykov  [23]  in  i960  replaced  3/4  by  2/3  and  2  by  (l+e)  . 
In  the  opposite  direction  S.  S.  Pillai  and  S.  D.  Chowla  [18]  showed 
that 


R(x)  4  o  (x  log  log  log  x  )  , 


(3.6) 


and  also  that 


(3.7) 


J.  J.  Sylvester  [28]  conjectured  that  R(x)  >  0  ,  for  all  positive 
integers  x  ,  a  result  which  holds  for  small  x  .  But  M.  L.  N.  Sarma 
[24]  showed  that  R(82Q)  <  0  ,  while  P.  Erdos  and  H.  N.  Shapiro  [5] 
showed  that  R(x)  changes  sign  for  infinitely  many  integers  x  ,  and 
indeed  that  there  exists  a  positive  constant  c  and  infinitely  many 
integers  x  such  that 


R(x)  >  cx  log  log  log  log  x 


and  infinitely  many  integers  x  such  that 


R(x)  <  -cx  log  log  log  log  x 


.(I  .2  baa  i»IXH  .8  .1- 


I  f 
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We  consider  here  the  problem  of  determining  the  S»density  of 
$(x)  ,  that  is,  of  finding 


S($) 


min  $  (x) 

integer  x >  0  2 

x 


min 

2  ”  integer  x>0 

x 


(5.8) 


We  show  that  this  minimum  occurs  at 
integer  x  for  which  R(x)  <  0  )  , 
flXiLg-i i^.3,  _  .JL  _  „  o  9466  x 

814,085  2  "  u,-40t>  ***  x  iU 

#  it 


x  *  1276  (1276  is  the  second 

where  has  the  value 

x 

;  this  is  done  by  showing  that, 


i£*l  .  _5_ 
2  2 
x  * 


^(1276) 

p  ”  p  > 

(1276)  it 


for  x  >  150,000, 

(5-9) 


and  then  using  the  computer  to  check  the  remaining  values  of  x  . 


2.  Proof  of  (3.9)  In  what  follows,  let  x  be  an  integer. 
(Motel  If  we  dropped  this  requirement  on  x  ,  the  result  (3.9)  would 
often  not  hold  for  values  of  x  just  below  smaller  integers.  However, 
if  instead  of  the  step  function 


cp(n) 


we  worked  with  the  continuous  function 


Vx> =  X 

n<x 


cp(n)  +  (x)  q>([x+l]) 


> 


:  3  0  x 


mttmt  »<t>  ,»H  ^  »«.(»  ,  (  0  >  <*)?  *»M *•  wJ  * 


i " 


ou  . -f  s  1  >.1>  03  n*3'j-,uu3  i>  1  ***  :  •' »' 


,ii  nt  '  <  nai  tev«>IIo"l  ITj  .  1  *S£?  ■ 

, lV/av:;H  .%»  gsini  T»ii.i-.v  wo£«*  3ar*t  **  *»ai*v  r.v:  ^oti  aor  .2:-  o 
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(3.9)  would  hold  for  all  x  ^  1276  by  fairly  straight  forward  extensions 
of  the  work  herein.) 

From  (3.3) >  we  have 


iiii .  ± 
2  2 
it 


x 


< 


X 


X 


2x' 


2 


<  0.24  xlO* 


for  x  >  650,000  . 

(3.10) 


We  could  ask  the  computer  to  check  up  to  650,000,  but  the  time  required 
increases  very  rapidly  with  x  ,  so  to  save  computer  time  we  shall 
reduce  this  to  150,000  by  improving  the  trivial  result  (3»3)» 

We  have 


(x+l)2 


so  that,  using  (2.1), 


< 


< 


_L  I 

80  X 

X  >  1114. 


(3.11) 


Let 


n(d ) 


f*l2 

ld 


d<x 


•I 


n(<0 


rXx  2 

fa)  + 


I  "(d) 


x 

■k 


-<  d<x 

k—  — 


(jf 


t 
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where  k  will  be  an  appropriately  chosen  integer.  From  ( 3 • 5 )  we 
have 


=  Q(f)  <  0.615  |  , 


for  x  >  475  k 

(3.12) 


Also, 


J  tt(d)Cf)2 

~<  d<x 
k  ” 


d<x-l 
k  — 


X  X 

Now,  for  ”  <  d  ,  we  have  [“]  <  k-1  ,  so  that 

most  k  values  of  d  ,  or,  equivalently,  (™)  - 

at  most  k  exceptions.  Also,  j  {“)  +  }  I  <  2 

X.  r~ 

we  can  use  the  result  that  [M.(d)  j  <  “  vd  for  ^ 

8 

i,e„  for  200  k  <  x  <  1.0  .  As  our  k  will  be 

|M(d)  |  <  |  /d  ,  for  5000  <  x  <  108 


[f3  +  [irr!  ’  for  ac 

fdTi1  =  d^rry  Bith 

X 

,  and  for  “  <  d  <  x-1 

o 

>  200  and  x  <  10  , 

25  ,  this  gives 


Thus,  we  have 


-  35  - 


<  2x 


x 


X  ®}  +  k  •  K* +  Wf  >  I 


<d<x 


x 


<  d<x-l 


<  x 


y*  — — — - -  +  -  k/x  +  —  s/x 

L->  sTd  (d+l)  ^ 


x 


<  d<X“l 


2  s/k 


<  2x  N--~ - -  +  —  k  s/x  +  — --- —  s/x 


s/> 


x 


2  s/k 


sTx  (|  +  2s/k -2  +  •— ^ —  ),  for  5000  <  x  <  108  .  (3. 13) 

2  -s/k 


Therefore, 


Kx 


n(d){|)2  <  0.615  -  +  s/x  ( |  +  2s/ic  -  2  +  — 

2s/k 


for  5000  <  x  <  10  and  x  >  475  k  . 


When  k  =  25, 


the  right  hand  side  becomes 


0.02^6  x 


+  20.6  s/x, 


and 


<  O.O78  x  , 


for 


150,000  <  x  < 


(3.11*) 


We  now  consider  the  sum 


I 

d<x 


d 


-  36  - 


Writing 


Al(x) 


jj,(d)=l  n(d)*-l 


and  C^(x)  =  max  (A^ 


we  see  that 


Z 

d<x 


iilil 


(7) 


d  Ld 


<  C^(x) 


Now 


,  (^(x)  =  “  (Ax(x)  +  B^x)  +  |Ax(x)  -  B^x)])  ,  so  that 


G1(x) 


■n 

d<x 


Mill  +  I 

2  /  .  d  2 


M-(d) 

d 


d<x 


From  (2.15)  we  had 


Z 

d<x 


Mill 

d 


<  O.O36  for  900  <  x  <  10 


8 


For  x  >  900  we  have 


Z 


z 


M<0l  . 

d  Z_j  d 

d<x  d<900  900<d<x~l 


Z 


,  il_  +  2M 

d (d+l)  x 


Q(900) 

901 


Using  (2.5),  and  observing  that 


Z 


Mill 

d 


5.178  ...  and  Q(900)  =  5^7  , 


d<900 


x),B1(x))  , 


(3.15) 


(3.16) 
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we  have 


I 

d<x 


Mill  <  o.6l5  log  x  +  1.012  , 


for  x  >  900 


(5.17) 


Combining  (2.15)  and  (5.17)  in  (5.16)  ,  we  obtain 


8 


C^x)  <  0.3075  log  x  4-  0.506  ,  for  900  <  x  <  10  ,  (3.18) 


and 


d<x 


o 

<  0.3075  log  X  +  0.506  ,  for  900  <  X  <  10  .  (3.19) 


Unfortunately,  (3. 19)  is  not  quite  strong  enough  to  give  us  our  required 
result,  and  we  must  proceed  as  follows*  for  k  -  25  ,  (3*18)  yields 


j  “  °»3075  log 


X  +  0,506 


25 


d< 


x 


8 


<  0.3075  log  x  -  0,482,  for  22500  <  x  <  10  .  (3.20) 


On  the  other  hand. 


x 


I 


tUl 

d  ld 


(?) 


^  M(d)([|)/d 


X 


(d5r)/(d+D)  •  "£> 


x 


<  d<x 


<  d<x-l 


-(g) + 1 

[f]  +! 


Now, 


do^  :>  +  '■  /  ;  :  ; 


,  60 e,  )  ■:  ?  0£.0 


31  (^1*^)  tyi  J  r 


60  c 


j 


38*1,  C  -  <  '  o  ' 


' 


(fVd  -  =  ((f)  -  (afr)>/(d+1> +  tf 


As  above,  we  note  that  f-r)  -  f-rrl  = 
values  of  d  „  For  these  exceptional  values 


except  for  at  most  k 


|M(d)({i)  -  C^))|/(d+l)  <  $ 


<  I  i  =  A 

d+1  2n/v k  =  2  /x 


1  /~  8 
where  we  use  the  fact  that  M(d)  <  ~  v d  for  ~  >  200  and  x  <  10  , 


o 

i„e.  for  5000  <  x  <  10  ,  Thus, 


25 


X  ^  tf 3 


k 


<  d<x 


<  x 


.3/2 


X 


d(d+l)2  2  sfx 


< d<X“l 


x 


<  d<x=l 


^  1 

<  g  x 


x 


Jd(d+l) 


2  *  2 


<  d<x~l 


I 


x 

k 


Jd(d+l) 


< d<X“l 


.3/2 


+ 


2  \/x 
<  & 


2  ^k 

4- 

2  n/x 

3/2  -_U  + 

3  \/x 

(Jk  -  1)  .  k5/2 
nTx  2  n/x 

/k 

2  n/j 


Substituting  k  =  25  ,  we  get 


'  b 


* 


-  39  - 


i 


saOH 

d  ldJ 


< 


~<  d<x 
k  — 


3  \/x 


o 

,  for  5000  <  x  <  10  , 


8 


<  O.287  ,  for  150,000  <  x  <  10  ,  (3.21) 


so  that,  with  (3.20),  we  have 


l 

d<x 


yXil  & 

d  ^d-> 


<  0.3075  log  X  -  0.195  . 


(3.22) 


Hence,  using  (3.22),  (3.14),  and  (3. 11)  in  (3*2)  we  have 


2  2 
Jt 


x 


<  0.3075  _  Qi£32  +  -1 

—  X  X 


2x 


k  8 

<  0.24  x  10“  ,  for  150,000  <  x  <  10  .  (3.23) 


So  now  we  have  only  to  check  for  x  <  150,000 


3.  The  computer  work.  Theorems  3.1  and  3.2  are  essentially 

X* 

due  to  R.  S.  Lehman  [11],  who  gave  the  results  for  h(n)  *  A(n)  =  (-1)  , 


where  n  =  p 


Oh 


a. 


Theorem  3.1.  Let  H(x)  =  h(n)  ,  f(x)  =  H(^)  *  Then 

rKx  n<x 


H(x)  -  £  n(«0  [£(|)  -  ^h(k)([^;] 

,  m<x/w 


x 
■  vm 


k<v 


])j  -  X  H(|)  y 

x/w<i<x/v  mfi 


n(m) 


l 

nKx/w 

(3-24) 


■  ’  > 


. 


.  4  v 


V' 


-40- 


where  1  <  v  <  w  < 


proof.  f(~) .  y  h(~)  +  y  h(— )  +  y  h(— )  . 

m  ^  'mn  ^  'inn'  ^  'imt 

n<x/mw  x :/mw<  n<  x/mv  x/mv<Vi<x/m 


Multiply  each  by  ji(m)  ,  and  sutri  for  m  <  —  » 

—  ^ 


1.  ^  p(m)  ^  H(~)  «  ^  H(|)  ji(m)  »  H(x)  . 

nKx/w  n<x/mw  i<x/w  , 

TTi 


2. 


X  "W  I 

nKx/w  :x /inw<  n<x /mv 


Z 


«}) 


n(®) 


x/w<ilx/v  nTpI 

nKx/w 


3.  ^  |i(m)  ^  H(~~)  =  n(m)  ^  h(k) 

m<x/w  x/mv<n<x/m  nKx/w  x/imKn^x/m  k<x/mn 

ss  ^  p.{m)  h(k)  1 

ra<x/w  k<v  x /m v<  n<x / km 


X  Z  "  *• 

m<x/w 


2L: 

vm‘ 


k<v 


Rearrangement  of  terms  then  yields  the  theorem.  We  note  that,  by 

choosing  v  £  and  w  ^  ,  if  we  have  tables  of  p(m)  and 

h(m)  for  m  <  v  ,  H(tn)  for  m  <  w  ,  and  |(i)  =*  ^  ^(m)  f°r 

m|i 

tKx/w 


(*)H  -4  Im)  ,  7  (*)l  '  A  (- :  !  < 
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Z  <  —  ,  then  the  number  of  operations  is  proportional  to  x  '  J  .  The 
last-mentioned  tables  can  readily  be  computed  as  the  program  progresses 
by  adding  |x([“])  to  each  [— ]-th  value  of  whenever  [~]  increases 
by  1  . 

The  following  slightly  more  complicated  formula  is  in  practice 
more  efficient,  cutting  the  time  by  about  one  half. 


Theorem  3.2,  Let 


n<x  n<x 


Let  K*  ,  L’,  and  M’  range  over  positive  odd  integers,  and  I  over 

positive  integers.  Then 


H(N)  -  ^  n(M») 

M’<N/w 


N 


l2M'  ’ 


h(l) 


/N+IM1  v 
'2IM*  ] 


N-fvM1 

2vM' 


H(v-l) 


Kv 


[i(L')  ,  where  1  <  v  <  w  <  N  .  (3,25) 

L '<N/w 

Proof.  From  f  (x)  =  I  H( 

n<x  M*<x 

The  proof  now  follows  as  in  Theorem  3«1>  if  we  note  that,  if  k  =»  2^  Z  , 
where  (i,  2)  =  1  , 


|)  we  get  f(x)  “  f(|)  =  ^  H^)  * 


) 

VK’ ' 


N/w+l<K'<N/v 


then 


-•>.  I  '  i  .  I  ••  '  r 


• 

U'S.*)  .  fc  >  w  --  y  >  I  K  (M)44  (  (T£)H 


if 


-  b2  - 


y 

M'  |k 
(M»  odd) 


if  i  SB  1  , 

if  15  >  1  , 


so  that,  if  k  is  odd, 


£  n(M')  -  [i]  ; 

M*  |k 
(M*  odd) 


and  also  that  the  number  of  odd  integers  <  x 


is 


r3£  +  li 

[—%—  J 


Corollary. 


[I~]  r 

LMi  J  L 


N_ 

M' 


+  1] 


2 


rJL.]  r 

L2M, J  L 


N 

2m; 

2 


+  1] 


( I  «■)«> 

I<N-1 


N+vM' 

2vMf 


l  •&> 

N/w+l<K'<lJ/v 


n(L*)  . 


L'  jK’ 

L'^/w 


(3.26) 


For 


y<)  -  y  y 

n<x  m<x/n 


n<x 


JI  • 


&  fK 
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A  preliminary  program  was  used  to  obtain  |i(n)  and  cp(n)  for  n  =  1 
to  60  and  $(n)  for  n  =  1  to  36QQ  on  cards  as  data  to  be  read  into 
the  machine  for  the  main  program  based  on  (3,26) 

We  note  that,  since  we  are  just  interested  in  determining  the 

minimum  value  of  ,  we  can  reduce  the  checking,  and  hence  the 

x 

computer  time,  by  observing 


$(2n)  $(2n  -  l) 

(2m)2  (2n  -  l)2 


(3.27) 


-l(6n . -21  < 

(6m  -  2)2  (6n  -  4)2 


(3.28) 


and 


0(30m  -  24)  <£>(30m  -  26) 

(30n  -  24)2  (30n  -  26)2 


(3.29) 


We  prove  (3*27)  )  the  others  are  proven  similarly.  Now, 


®  (2n)  ^  $(2m  -  1.) 

(2n)2  (2n  -  l)2 


if  and  only  if 


<P(2n)  < 

(2n)2 


$(2n 


i„e.  ,  if  and  only  if,  cp(2n)  <  3>(2n 
suffices  to  prove 


Un  -  1 
(2n  -  l)2 


Hence  it 


*<*■>  < 


But  cp(2n)  <  n  -  1  ,  while  by  (3.3)  > 


.o  jai#*J  •  *q  •  •  i:i  S  * 


j.1  •  ■ 
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■"Sn'Vr^  >  4  (2n  '  1}  -  2  108  (2n  -  1)  -  2  -  g^Vf)' 

>  n  for  n  >  61  ; 

and  (3.27)  is  readily  verified  for  n  =  1,  2,  . ..,  60  . 

Hence,  we  need  only  examine  nine  residue  classes  modulo  30  > 
namely  0,  6,  10,  12,  1 6,  18,  22,  24,  28  . 

We  were  able  to  determine  all  values  of  n  <  150,000  for 
which  R(n)  is  negative.  These  286  values  are  given  in  Appendix  II. 


i|  n  -  2  log  (2n  -  1)  -  (2  +  6/*2)  -  gTg-Vi 

It  ' 


45  - 


APPENDIX  I 


Fortran  IV  programs  for  examining 


1_ 

2 


1. 


|i.(n)  on  cards  for  1  <  n  <  60 


Uses 


DIMENSION  MJ(60),  MBIG(60) 

MU  ( 1. )  =  1 
MBIG(l)  =  1 
DO  10  I  =  2,60 
NS  =  0 
L  =  I  -  1 
DO  20  J  =  2,  I 
K  a  I/J 

NS  =  NS  +  MBI©(k) 

20  CONTINUE 

MBIG(I)  =  1  -  NS 

MU(l)  =  MBIG(X)  -  MBIG(L) 

10  CONTINUE 

WRITE  (7,50)  (MU(N),  N  =  1,60) 
50  FORMAT  (4012) 

STOP 


END 


.  -  in;'  a 

•  i 


a  >•  ■ 
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2.  $(n)  and  cp{&)  on  cards.  ®(n)  for  1  <  a  <  3600,  <p(n)  for 

1  <  n  <  60. 


Uses  cp(n)  ~  n  jj  (l  -  . 

p|n 

DIMENSION  NPR{505),  LPHl(3600),  NPHl(3600) 

NPR(l)  =  2 

NPR(2)  »  3 

DO  20  I  a  2,506 

NPR(I+1)  =  NPR(l)+2 

X  a  NPR(X+1) 


11  DO  20  J  a  2,NSR 

IF  (NPR(X+l)  -  (NPR(I+1)/NPR(J))  *  NPR(J))  20,10,20 
10  NPR(I+1)  =  NPR(l+l)+2 
X  *  NPR(I+1) 

HSR  .3  SQRT(X) 

(SO  TO  11 
%Q  CONTINUE 

NFHI(1)  =  1 

LPHl(l)  =  1 

1  =  2 

43  LPHI(n)  =  N 

DO  35  I  =  1,N 

IF  (NPR(I)-N)  38,39,40 


£' 


S+(i»T)K^  .  (f+l)jm  0 i 


'  ,*V  (H-(l)i  W) 


38  IF  (N-(N/NPR(I))  *  NPR(I))  35,34,35 

•  \ 

34  LPHl(N)  =  LPHl(N)  *  (NPR(X)~1)/NPR(X) 

35  CONTINUE 

39  LPHI(N)  =  N-l 

40  NPHI(N)  »  NPHX(N«1)+LPHX(N) 

78  N  =  N+l 

IF  (N-36OO)  81,82,82 

81  GO  TO  43 

82  WRITE  (7,41)  (LPHl(j), J  =  1,60) 

41  FORMAT  (10X8) 

WRITE  (7,41)  (NPHI(J),J  =  1,3600) 

STOP 

END 

3.  $(x)  using  equation  (3.26) 

DIMENSION  LPHI(60),  NPHl(3600),  MU(60),  NS3(3600) 
READ  (5,42)  (MU(j), J  =  1,60) 

42  FORMAT  (4012) 

READ  (5,41)  (LPHl(j), J  =  1,60) 

41  FORMAT  (1018) 

READ  (5,41)  (NPHX(j), J  =  1,3600) 

READ  (5,49)  N 
49  FORMAT  (IX, 16) 

N1  =  N/36OO 


,((  '  .  -  •  t)  "  "W 

-  Lt(T)l>W»)  (iiSV)  »T  W 


-  48  - 


DO  89  K  =  1,3600 

89  NS3(K)  *  0 

DO  90  K  =  1,N1,2 
Do  91  L  =  K,3600,K 
91  NS3(L)  =  NS3(L)+MU(K) 

90  CONTINUE 

INBl  *  N-Nl  *  3600 

INDEX  ~  0 
43  N1  =  N/36OO 
N2  ~  N/60 
N3  =  Nl+1 
N3  =  l+(N3/2)  *  2 
NS1  s  0 
NS4  »  0 

DO  20  M  =  1,N1,2 
NS2  *  0 
DO  10  I  =  1,59 

NS2  »  NS2+LPHX(l)  *  (N+I*M)/(2*I*M)  ) 

10  CONTINUE 

NS2  s  NS2~NPHl(59)  *  ( (N+60*M)/(120*M) ) 

NS1  *  NSI+MU(M)  *  (((N/M)*((N/M)+1)-N/(2*M))*((N/(2*M))+1)/2-NS2) 
20  CONTINUE 

DO  30  K  =  N3yN2,2 
J  »  N/K 

NS4=NS4+NPHl( j)  *  NS3(K) 
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NP  =  NSX-NS4 
V  =  2  *  NP-1 
Q  =  N  *  N 

DIFF  =  (V/Q) -0.607927102 

77  WRITE  (6,80)  N,NP,DIFF 

80  FORMAT  (lX,X6,X12,E20.10) 

78  INDEX  =  INDEX-}- 1 

IF  (INDEX- 100)  59,60,59 
60  WRITE  (6,85)  N 

85  FORMAT  (IX, 16) 

INDEX  =  0 
59  N  =  N+l 

IND 1  =  IND 1+1 

IF  (IND 1-3600)  96,97,96 

97  LMN  =  Nl+1 

IF  (LMN  -  (LMN/2)*2)  93,94,93 

93  DO  98  M  =  LMN, 3600, LMN 

98  NS3(M)  =  NS3(M)+MU(LMN) 

94  IND1  =  0 

96  CONTINUE 

IF  (N- 150000)  81,82,82 

81  GO  TO  43 

82  STOP 


END 
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APPENDIX  II 


Values  of  n  for  which  R(n)  <  0  . 


820 

10,836 

21,376 

32,046 

42,966 

54,132 

65,200 

1,276 

13,146 

21,726 

32,166 

43, 386 

55,476 

65,950 

1,422 

13,300 

22,270 

32,230 

43, 590 

55,540 

67,210 

1,926 

15,640 

22,480 

32,320 

^3,776 

56,190 

67,510 

2,080 

15,666 

22,716 

32,530 

43,780 

57,036 

67,926 

2,640 

16,056 

23,530 

35,796 

44,256 

57,786 

68,766 

3,160 

16,060 

25,026 

36,366 

45,696 

58,026 

69, 126 

3,186 

16,446 

25,236 

36,456 

45,816 

58,906 

69,336 

3,250 

17,020 

25,300 

36, 466 

46, 326 

59,046 

69,756 

4,446 

17,466 

25,930 

36,520 

48,280 

59,556 

70,092 

4,720 

17,550 

26,202 

36,576 

48,336 

60, 516 

70,176 

4,930 

17,766 

26,680 

37,116 

48, 400 

60,606 

70,500 

5,370 

18,040 

27,406 

37,480 

48,610 

61,020 

70,840 

6,006 

18,910 

27,940 

38,556 

49,050 

61,986 

70,876 

6, 546 

19,176 

28,260 

38,676 

51,040 

62, 496 

71,316 

7,386 

19,230 

28,276 

39,096 

51,130 

62,700 

71,646 

7,450 

19,416 

28,596 

41,140 

51,340 

62,910 

71,830 

7,476 

20,736 

29,736 

41,406 

52,690 

63,196 

72,066 

9,066 

21,000 

30,486 

4l,6l6 

52,900 

63,310 

73,326 

9,276 

21,246 

31,032 

41,706 

52,956 

64,296 

73,360 

10,626 

21,310 

31,452 

42,960 

53,586 

64, 506 

73,516 

•  •■'•i 
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74, 140 

87,066 

104,470 

74,350 

88,656 

104,676 

74,376 

88,716 

105,096 

76,896 

89, 586 

105,876 

77,236 

90,000 

105,966 

77,316 

90,006 

106,086 

77,470 

90,630 

106,120 

78,156 

91,120 

106, 176 

78,456 

91,806 

106,386 

80,136 

92,106 

106,746 

80,446 

92,170 

107,866 

80,466 

92,226 

108,670 

80,620 

92,346 

108,790 

80,886 

92,856 

109,840 

81,996 

93,250 

111,100 

82,446 

94,810 

111,400 

83, 380 

94,836 

111,420 

83,590 

95,082 

111,816 

85,086 

96,426 

112,596 

85,29 6 

96,580 

112,750 

85,360 

98, 946 

113,016 

85,596 

101,830 

113,050 

85,816 

101,916 

113,646 

86, 346 

104,380 

114,192 
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114,466 

125,260 

138,726 

114,570 

125,616 

139,296 

114,640 

126,010 

140,400 

114,940 

127,270 

140,526 

115,116 

127,590 

141,156 

115,300 

127,636 

141,430 

117,096 

129,186 

142,836 

117,250 

129,396 

143,320 

117,306 

131,496 

143,706 

118,660 

131,706 

144,160 

119,080 

131,770 

145,176 

119,290 

132,280 

145,236 

119,770 

134,046 

145,390 

120,156 

134,200 

145,986 

122,200 

134,850 

147,280 

122,556 

134,856 

148,060 

122,760 

135,850 

148,296 

122,916 

136,060 

149,710 

123,306 

136,216 

149,856 

123, 370 

136,326 

150,606 

123,490 

136,830 

150,690 

123,970 

137,436 

124,776 

137,866 

125,196 

138,546 
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